The purpose of this paper is to study the recent development of certain aspects of multivariate spline spaces. More specifically, we will survey the existence of bivariate spline, the dimension and basis of the bivariate spline spaces S:(A) with various partitions A. Furthermore, we will also introduce some results on the higher dimensional splines.
Let D be a domain in KS', and A a grid of irreducible algebraic curves that divide D into a finite number of cells. Each boundary curve segment that separates two adjacent cells will be called a grid-segment, the two endpoints of a grid segment will be called grid-point, and the grid-point inside of D will be called interior grid-point. Let P, denote the collection of all polynomials with real coefficients and total degree k, that is, each p E P, has the form where cij are real numbers. A function s in P(D) will be called a bivariate spline function of degree (k, p) on a grid partition A, if the restriction of s to each cell of this partition is in Pk. the collection of all these bivariate spline functions will be denoted by St(A) = Sl(A; 0). Using Bezout's theorem in Algebraic geometry, the following result was pointed out in [28] .
k>(~+l).min(n,,...,n,}.
(1.2)
Let ri,...,rNCA, be all grid segments which are passing through the interior grid point A, where I';: li(x, y)=O, i= l,..., N(A). Denote by Qi( x, y) the smoothing cofactor of function s(x, y) across c travelling in the counter-clockwise direction around A. We call ([28] , also cf.
[71)
C [l;(X, _Y)]cc* * Qi(X, _J') c 0,
the conformality condition at grid-point A of the partition A. It is well known that Strang has already displayed this idea for c1 piecewise polynomials on triangulation [27] . Let Al,. . . , AM be all interior grid-points of a given partition A, we call [28] c [li(x, 
Let A be any partition of D. The function s( x, y) is a bioariate spline belonging to Sj!( A) if and on& if for any grid-segment cj, there exists a smoothing cofactor Q,j( x, y) of the function s(x, y), and the function s(x, y) satisfies the global conformality condition (1.4).

As in [28], a function s( x, y) E S[( A) is called the non-degenerate
bivariate spline, if s( x, y) has at least one non-zero smoothing cofactor. It is obvious that the following three statements are equivalent:
( [29] .
i) the function s( x, y) is a non-degenerate bivariate spline; (ii) s(x, y) belongs to S{(A) \ P,; (iii) the linear equations corresponding to the global conformality condition (1.4) of s( x, y) has non-trivial solution.
By Lemma 1.1, it is easy to see that the bivariate spline extension'. Using this property, it is not hard to show the variate splines. (1) For every cell, c' is to flow in and out one time, respectively; (2) c' does not pass through any grid-point; (3) The number of times that Z crosses over every gridsegment does not more than one. Let c' be any given flow curve, and cj : I,,( x, y) = 0 be any grid-segment of the partition A. When the cj is crossed by the flow c', we denote by U( rl,>) the union of closed cells that the flow c' will reach after it crosses rij, and denote by U( ri;) the union of closed cells that the flow c' has reached before it arrives at rij. We introduce the following notation:
if (x, y) E U(qG) \ U(q;), otherwise, or when c' does not cross rij.
(1.7)
According to these definitions, the following representation formula of bivariate splines holds (291. Observe that for any given partition A of D and certain flow curve c', in order that s( x, y) E S/(A), if and only if both the representation formula (1.8) and the global conformality condition (1.4) hold.
From now on, we will suppose that the partition J consists of line segments. A is called the cross-cut partition, if A consists of some straight lines which are cross over the D [7, 28] In [29] , we used Theorem 1.3 as a basic tool for establishing the general theory of interpolation for bivariate splines under general partitions.
The dimension and basis of some bivariate spline spaces
It is important for theories and applications to study how we can determine the dimension, and obtain a basis of space S;(A).
It is well known that the dimension problem was first formally proposed by Strang in [27] , where several conjectures were made.
According to Theorem 1.2 or Corollary 1.2, to determine the dimension of S:(A), it is sufficient to calculate the rank T of matrix (GCC] corresponding to the global conformality condition (1.4).
There exist some cases, such that the rank T of the matrix [GCC] will be not hard to calculate. As we will see later, for example, when the partition is the cross-cut partition or quasi cross-cut partition, the rank T can be calculated by means of the 'isolated' property of all interior gridpoints.
Let D be a simply connected domain in R *. next we will study the dimension of S!(A), where A is an arbitrary cross-cut partition of D.
Let (ai, Pi),..., (a,,, &) be pairwise linearly independent ordered pairs; that is, aiPj ++qj/3; for i#j, i, j= l,..., n, and V, be the vector space corresponding to the conformality condition at the origin 0:
v,= (qp..., 
dr(")=tik_B-[~])+((n-l)k-(n+l)~+(n-3)+(n-l)[~]i,(2.2)
where [x] is the integer part of x.
The following theorem was pointed out in [12] . Using the fundamental solution space of the conformality condition at each interior grid-point, we may define cone spline functions si;,( x, y ), i = 1,. . . , V, t = 1,. . . , ni (cf. [12] 
., ni J is a basis of S[(A,).
A grid partition A, of a simply connected domain D will be called a quasi-cross-cut partition if each of its grid segments lies either on a cross-cut of D or on a ray in D that starts at a interior grid-point and terminates on CID. The following result holds [12] .
Theorem 2.3. Let D be a simply connected domain, and A, a quasi-cross-cut partition of D consisting of L cross-cuts, a finite number of rays, and V interior gridpoints A,, . . . , A,, such that the total number of cross-cuts and rays sharing the interior grid-point Ai is Ni
Recently, a basis of .!$'(A,,) has been found [32] . Of course. some of the basis functions will be somewhat implicit. A cross-cut partition is said to be a simple cross-cut grid partition if no more than two cross-cuts meet at an interior grid-point. We can now at once obtain the following (7) Because the rectangular grid partition is a special case of the simple cross-cut grid partition, the result corresponding to Corollary 2.1 will hold (cf. [7] ). We know that Dahmen and Micchelli have already obtained a spanning set of space S[(A,). Their main tool for giving this spanning set is bivariate truncated power functions (cf. [18, 19, 20] ).
A bivariate spline function s(x, y) is said to be a B-spline, if it identically vanishes outside its supporting Jordan curve, and is strictly positive inside this curve. Using (2.2), we have [3, 12, 18, 20 As for the space S,'( A$,,), we have
where L is the number of cross-cuts. As pointed out by Morgan and Scott [23] (also cf. [12, 25] ), the dimension of $(A) depends very heavily on the geometry of the partition A.
We next discuss the function with minimum support in S:(AJtj,) where the criss-cross triangulation A$,!, is not necessarily uniform triangulation. We use the notation: hi = xi -xi-i, support can be obtained simultaneously [15, 16] . We will denote this B-spline by B;,. Since a bivariate quadratic polynomial on a triangle is uniquely determined by its values at the three vertices and the mid-points of the sides of the triangle, only these values are given in Fig. 1 
each (i,, j,), -1 < i, < m and -1 Q j,, < n, the collection {Bij: (i, j)#(i,,,j,,), -l<i<m, -l<j<n} is a basis of Sj( A"' ) mn *
When A(:; is a uniform c&-cross triangulation, the B-spline B,, was first constructed in a different form in [32] and its algebraic and approximation properties were obtained in [lo] . For uniform crisscross triangulations A,,,,, , Furthermore, for uniform uni-diagonal triangulation A, of the whole R *, de Boor and DeVore [2] showed an interesting result as follows (i,, j,), . . . , (i,, j,) }. The following theorem holds [14] : Theorem 2.10. The collection
Theorem 2.9. U,S[(A,) is dense in C(R') if and only if p < f(2k -2). If p > f(2k -2), then every s( x, y) E Sl( A,,) can be represented on R : as a linear combination of the
.G?= (BI:, Bi: (i, j) E a,( m, n + l), (s, t) E Q2(m + 1, n; m + 1, n -1))
is a basis of S: ( A(A),, ).
We gave a general criteria for choosing a basis of the space $(A$,) (cf. where D, = a/ax, and Dy = a/ay. Such spaces will be of special interest in surface fitting, finite element, and Ritz-Galerkin's methods. For uniform type-l triangulation A(zn, using special cone sp t;*'e functions, we can obtain the following theorem [5] . Using the B-spline basis of Sj(A(z") shown by Theorem 2.10, we can obtain a number of local support splines which belong to the spaces $." (A$,) for all m, n >, 3. All of these B-splines will have supports which are smaller than 3 squares by 3 squares (cf. [5] ). It was pointed out in [5] . however, that any basis for the spline space $*"(A$,) must include at least one basis element which is global in the following sense.
A For non-uniform type-2 triangulation A$),, , the spaces $*"(A(&) and $*'(A(,$,) were studied in [32] .
On the space of higher dimensional splines
In order to give as clear a presentation as possible, only spline functions of three variables will be discussed. It will be clear that the following results can be generalized to an arbitrary higher dimensional setting.
Let D be a domain in W3, and T a lattice of planes that divide D into a finite number of cells. Each boundary face that separates two adjacent cells will be called an interior face, the edges of intersection of the partition T that lie in D are called interior edges, and the points of intersection of some of interior edges are called interior lattice points. let PJ, = Pk( x, y, z) denote the collection of all 3-dimensional polynomials with real coefficients and total degree k as follows:
where cjj, are real numbers. A function s in CP( D) will be called a 3-dimensional spline function of degree (k, I_C) on the the partition T if the restriction of s to each cell of this partition is in P,(x, y, z). The collection of all these 3-dimensional spline functions will be denoted by S,".,(T) = S[.,( T; D). The following result can be obtained [30] : the global conformality condition of the partition T, where for each r, the mean of (3.3) is the same as stated in (3.2).
We now turn to give a theorem of existence as follows [30] : T,,, E T}. It can be seen from Theorem 3.3 that the following corollary holds [33] . wherep, E Pk, ql, q2, q3 E pk_,,_,, t,, t,, t3 E ltpk_2,,-2, andf, g, h, u, 0, w E C.
